In the past few decades, the reentry trajectory planning technologies have gone through great evolutions. Since the proposed methods are more or less computationally intensive, the demand to plan the reentry trajectory onboard may not be met. In this paper, a general trajectory planning method is proposed for reentry based on the improved maneuver coefficient, which is defined to describe the relationship between the longitudinal range and the real flight range, so that the drag acceleration profile is more precise and the calculation is smaller. The trajectory planning is divided into the length and the curvature subproblems: the former is determined by the specified maneuver coefficient, and the latter is controlled by an adjustable heading error corridor to achieve required terminal states. The three-dimensional reference trajectory is finally generated based on the appointed maneuver coefficient and the drag-acceleration profile. The simulation results demonstrate that the proposed method can quickly generate the reference trajectory and has good potential in the rapid trajectory generation.
I. INTRODUCTION
During past few decades, the reentry flight has been more and more important for the modern space technology. Especially for reusable vehicles, the atmospheric reentry is an important phase which connects the space and the ground. Since the Apollo program, the trajectory planning, guidance and control technologies for reentry have attracted much attention and considerable studies have been conducted in this field [1] , [2] . Among these studies, the trajectory planning method is a relatively basic research content, which has a profound impact on the selection and performance of the subsequent guidance and control methods.
Generally, an accepted reentry trajectory must consider the thermal protection and the structural safety first, which means that the heating rate, the aerodynamic load and the dynamic pressure must be taken into account. In addition, terminal constraints should be also considered for accurate landing or attack. These requirements make the trajectory planning a multi-constrained design problem in a finite feasible region [3] . The reference trajectory can be divided into the optimal solution and the acceptable solution. The quality of the optimal solution is usually better, but it also relies on huge computation and the optimization process is sometimes uncontrollable. Since a great number of iterations correspond to a long computing time, this kind of method is usually used in the pre-flight evaluation and preparation on the ground [4] - [7] .
The other way to plan the reference trajectory is looking for a feasible solution that satisfies the mission requirements. This type of approach often decomposes the three-dimensional trajectory planning into longitudinal and lateral trajectory design. First, the reference trajectory that satisfies the path constraints and the terminal constraints is designed in the longitudinal direction, and then the lateral guidance logic is added to control the reversal position of the bank angle, so that the reentry terminal states can meet the task requirements. This type of method was first applied in the re-entry guidance of the space shuttle, namely the classical drag acceleration guidance method [8] , [9] . The guidance process is divided into two parts: the trajectory planning and the trajectory tracking. The trajectory planning method creatively introduces the relationship between the flight range and the drag acceleration in a drag acceleration versus velocity or energy space, and transforms the reentry flight range into a piecewise drag acceleration curve in the reentry corridor, which greatly simplifies the trajectory planning process. The reference drag acceleration profile is tracked by modulating the magnitude of the bank angle command. After the flight range is determined, a bank angle reversal logic with heading error corridor is used to determine the sign of the bank angle command. The reentry guidance methods used in X-33, X-34, and X-37B projects are all based on the space shuttle entry guidance algorithm. Since the great circle assumption is adopted in the trajectory length planning, and no curvature of the trajectory is considered, so the terminal range-to-go has a large deviation.
Mease et al. [10] , [11] improved the trajectory planning method in the entry guidance of space shuttle and proposed an evolved acceleration guidance logic for entry (EAGLE). The EAGLE method divides the reentry trajectory planning problem into two sub-problems: the trajectory length and the trajectory curvature. The logic is as follows: (1) use the great circle between the current position and the target point as the initial length of the trajectory to determine the drag acceleration profile according to the space shuttle's reentry guidance method; (2) search for the appropriate bank angle reversal position to make the lateral deviation at the terminal position be zero, then add the remaining great circle length S to the current trajectory length, and update the drag acceleration profile; (3) repeat (1)-(2) until the error requirement is met. Compared with the guidance method of the space shuttle, the EAGLE method considers the coupling between the trajectory length and the trajectory curvature, so the terminal range-to-go is greatly reduced, and the designed trajectory is closer to the actual flight track. The EAGLE method has got a high mark in the advance guidance and control (AG&C) project [12] , [13] . But essentially, EAGLE is still not completely out of the great circle assumption during the initialization and trajectory length update process. As shown in Fig. 1 , since S is still based on the great circle assumption, the trajectory length after each update is deviated from the actual length more or less, and multiple iterations are still needed to re-plan the drag acceleration profile. This caused the complexity of the algorithm and the computational burden of the onboard computer increased.
Some other studies have also considered the curvature in the trajectory planning process. Lu et al. used the quasiequilibrium gliding condition to generate the reentry trajectory, and concluded that the preservation of the heading error in the range prediction formula is beneficial to the large cross-range flight [14] . A linear approximation based on the initial and terminal heading error is applied to improve the prediction of the flight range. Liang et al. [15] discussed in detail the influence of heading error on trajectory planning, and proposed the concept of maneuver coefficient for the first time. Since the maneuver coefficient is defined by the instant proportion of lateral and longitudinal motions, the value of maneuver coefficient is relatively smaller than the actual maneuverability.
This paper proposes a general three-dimensional reentry trajectory planning method based on an improved maneuver coefficient definition. Similar to the EAGLE method, this approach divides the trajectory planning into trajectory length and trajectory curvature problems. First, the definition of trajectory length is sorted, and the corresponding formulas are analyzed. Then an improved maneuver coefficient definition is given based on the proportion of the actual trajectory length and the longitudinal range. Finally, the complete general three-dimensional trajectory planning method considering maneuver coefficient is proposed.
The outline of this paper is as follows. First, reentry dynamics and constraints are formulated. Then, the definition of trajectory length is summarized and an improved definition of the maneuver coefficient is presented. Finally a new trajectory planning method based on maneuver coefficient is developed. The proposed algorithm is validated using specified maneuver coefficients.
II. ENTRY DYNAMICS AND CONSTRAINTS
Assuming that the gliding vehicle is a mass point, and the earth is a uniform sphere. Ignoring the rotation of the earth, the three dimensional equations of motion are
where r is the radial distance from the center of earth, θ and φ are the longitude and latitude, V is the earth-relative velocity, γ is the flight path angle, ψ is the heading angle, g is the gravitational acceleration, and σ is the bank angle. L and D are the lift and drag accelerations respectively, which are given by
where C L and C D are lift and drag coefficients respectively, m is the mass of the vehicle, ρ is the density of local atmosphere, and S A is the reference area.
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The main path constraints are expressed as
whereQ is the heating rate, K Q is a constant which relates to the vehicle shape, n is the aerodynamic load and q is the dynamic pressure. The equilibrium glide condition is usually used to improve the flight quality for the vehicles with large lift-to-drag ratio. Make the bank angle be zero, the quasi-equilibrium glide condition will be
In order to get a suitable terminal condition, the terminal states should also be constrained as follow
where variables with subscript ''f '' indicate the corresponding terminal states, and t f is the terminal time.
III. DEFINITIONS OF TRAJECTORY LENGTH
The trajectory length problem is the core of reentry guidance and determines whether the vehicle has the ability to reach the specified target area. The existing reentry guidance methods are essentially designed to match the actual trajectory length. For guidance methods that rely on standard trajectories (such as the drag acceleration guidance method and the EAGLE method), the trajectory length is the basis for planning the drag acceleration profile. The closer the length of the standard trajectory is to the actual one, the smaller the update and iteration calculations caused by the terminal deviation in the subsequent tracking process. For guidance methods that do not rely on the standard trajectory (such as the prediction correction guidance method), the more accurate prediction of the range-to-go in each guidance cycle, the faster the iteration of commands converge, which reduces the computation of the onboard computer. Based on different assumptions, the common description methods of trajectory length include shoot range, flight range, range-to-go, longitudinal range, and lateral range. The shoot range is generally used to describe the great circle from the initial start point to the target for ballistic missiles, and the flight range refers to the actual flight length in most studies. The so-called range-to-go refers to the remaining distance to the target and is generally used to predict the required trajectory length in many studies. Decompose the entire reentry flight into two parts along the longitudinal and the vertical plane, the former corresponds to the longitudinal range and the latter corresponds to the lateral range. In the guidance of space shuttle, it is assumed that the heading error is relatively small, and the vehicle basically fly in the longitudinal plane, so the same definition is used for the flight range and the shoot range. These definitions of trajectory length are
where R 0 is the radius of the earth, and ψ is the heading error, which is given by
where ψ LOS is the line of sight angle corresponding to the current position of the vehicle and the terminal position, expressed as
is defined as the heading error with respect to the initial longitudinal plane, which is given by
where ψ LOS,0 is the initial line of sight angle.
Integrating the differential equations in (6) yields the length of the trajectory under different definitions. Since the reentry flight trajectory is a smooth continuous curve, S 1 corresponds to the actual three-dimensional trajectory length; S 2 considers the effect that the velocity is not at the local level, and the trajectory is projected to the current horizontal plane at each integration step, which is used in the guidance of the space shuttle; S 3 , S 4 and S 5 project the trajectory onto the surface of the earth, where S 3 represents the length of the trajectory of the three-dimensional trajectory, which is used in most studies such as EAGLE. It should be noted that although S 3 is used as the range in some studies, it is still assumed that the total range is equal to the initial great circle which causes a certain contradiction in the trajectory planning. S 4 is an existing trajectory length description method that considers the influence of heading error. In most of the literature,Ṡ 4 indicates the changing rate of the range to go S togo . At each instant, S togo is uniquely determined by the great circle from the current point to the terminal target, which is given by
It should be noted that this definition corresponds to the instantaneous great circle to the target, which is not the actual remaining flight range. This difference is especially obvious in situations where there is a large lateral maneuver, which results in the need to continually correct the estimate of the remaining flight range. VOLUME 7, 2019 SinceṠ 4 is the projection of velocity on the current line of sight (referred to as ground projection, the same below), the rate at which the line of sight shrinks with time is described, so the integration ofṠ 4 obtains the remaining length of the line of sight in the integration period, rather than the remaining flight range. For a successful reentry process, the line of sight eventually shrinks to the target point, and the integral ofṠ 4 over the entire reentry period corresponds to the initial line of sight length, i.e. the total longitudinal range.
Since S 5 is the projection of velocity at the initial line of sight (or its parallel lines) at each instant, the length of the trajectory obtained by integratingṠ 5 corresponds to the actual longitudinal range.
Assume that δS 3 , δS 4 and δS 5 are the ranges in the integration period δt corresponding to S 3 , S 4 and S 5 . The corresponding geometric relationship is given by a right triangle as shown in Fig. 2 . Where δS 3 is the hypotenuse of the right triangle, corresponding to the longest trajectory. δS 4 and δS 5 correspond to the projection in the line of sight and the initial longitudinal plane, respectively. The difference between them is due to the inconsistency between ψ and , only when the vehicle is at the intersection of the sub-satellite point trajectory and the initial line of sight (including the initial and terminal points) δS 4 = δS 5 . In the conventional longitudinal trajectory planning, ψ is often neglected and the vehicle is flying along a great circle. However, the greater the lateral maneuver is, the longer δS 3 is than δS 5 , therefore the actual trajectory length should be planning according to S 3 , not S 5 .
In summary, the changing rate of actual flight rangeṠ flight , the longitudinal trajectoryṠ l and the remaining line of sight lengthṠ Los can be expressed as
Similarly, the changing rate of the lateral range iṡ
The calculation formula of S togo is still (10) , whereas the definition is changed to the remaining distance or the remaining line of sight length, and the definition of range to go is changed to the actual remaining trajectory length. For the specified reentry mission, the success criterion is that under the terminal altitude and speed constraints, the remaining line of sight length at the end is zero; or the terminal lateral range is zero, and the length is equal to the initial great circle length. 
IV. MANEUVER COEFFICIENT
As shown in Fig. 3 , the right angle components of δS flight , δS togo and δS m are used as instantaneous longitudinal range and lateral range in [15] , and the relation is expressed as
where δS m /δS togo corresponds to the proportional relationship between instantaneous lateral and longitudinal motion, and is used to describe the instantaneous maneuver level.
Integrate (14) to yield
where R flight represents the total flight range for reentry. Then the mean value theorem for integrals is used, and (15) is modified to (16) where P m is defined as the total maneuver coefficient, which represents the average value of δS m δS togo at each instant. R togo is defined as the total remaining range in [15] . As discussed above, R togo is the total longitudinal range. Once the reentry mission is determined, it does not need to integratė S togo throughout the flight. On the other hand, due to the time-varying, the instantaneous longitudinal and lateral range are not the same at each moment, and the average value of δS m δS togo cannot be accurately calculated. Complex estimates were used, but only approximate values were obtained. The essential purpose of the maneuver coefficient is to quickly determine the required trajectory length, establish the relationship between the flight range and the longitudinal range, and avoid multiple iterations or frequent prediction corrections to the trajectory length. For a successful mission, the total longitudinal range R l is determined, and the total flight range R flight is undetermined. The greater the ratio of R flight to R l is, the more lateral motion and the stronger maneuver in the reentry flight will be. Ignoring the middle term of (16), 1 + P 2 m has already indicated the relationship between total flight range and total longitudinal range, so the statistic of δS m δS togo at each instant is also unnecessary. Therefore, the maneuver coefficient can be redefined as
In some cases such as mission analysis for a new reentry missile, although the initial and terminal position are determined, it is uncertain whether the given guidance commands can guide the missile to the target. So the intermediate term can be used to measure whether the maneuver level exceeds the limit. When R fligth ≥ R l , the right term of (17) will be used to calculate the maneuver coefficient.
V. THREE DIMENSIONAL TRAJECTORY PLANNING A. TRAJECTORY LENGTH PROBLEM
The trajectory length is the premise of the tracking reference trajectory guidance methods. Different from the iterative method such as EAGLE, the trajectory length in this study is confirmed after knowing R l and the required maneuver coefficient P m . Therefore, this section focuses on the determination of P m . A reasonable reentry flight must first ensure that the target is within the reachable domain, so P m is a non-empty set. When P m = Ø, it indicates that there is no feasible trajectory to reach the target, the mission is not feasible, and the initial or terminal condition needs to be updated. Subsequent research in this study assumes that the reentry mission is feasible, so we have R fligth ≥ R l , corresponding to the maneuver coefficient P m ≥ 1. However, during the actual flight, P m = 1 means no lateral movement, and the vehicle always flies in the initial target plane. Under the given angle of attack profile, it corresponds to the farthest boundary of the reachable domain and the maneuver coefficient set has only a unique solution. Therefore, for a general reentry, it is necessary to determine the upper and lower bounds of P m simultaneously.
The enumeration method is used in [15] to determine the feasible set of maneuver coefficient. First, a series of maneuver coefficients are given. Then, the trajectory planning algorithm under each maneuver coefficient is performed using the drag acceleration method, and the corresponding bank angle command with the lateral logic is obtained to determine whether the terminal error requirement is satisfied. Since this method is computationally intensive and requires a lot of preliminary preparation, its advantage is not obvious. On the other hand, the boundary problem of P m is equivalent to solving the maximum and minimum values of the flight range R fligth with a given longitudinal range R l , so it can be transformed into simple boundary optimization problems. Given the angle of attack profile in advance, the optimization problem of the maximum trajectory length R fligth,max can be expressed as
Similarly, the corresponding optimization problem of the minimum trajectory length R fligth,min is given by min J (σ ) = R flight s.t.
S togo,f = s T σ min ≤ |σ | ≤ σ max (19) where s T is the remaining distance constraint at the end of the reentry, and S togo,f is determined by the longitude and latitude of the terminal position and the target point. It is worth noting that after the initial and the terminal states are given, the feasible values of P m are determined, that is, P m ∈ R flight,min R l , R flight,max R l . As long as the initial and terminal constraints keep the same, the appropriate value of P m can be directly selected according to the maneuver requirement, and then the actual required trajectory length can be determined quickly.
B. DRAG ACCELERATION PROFILE GENERATION
After determining the length of the trajectory, the drag acceleration profile that satisfies the actual trajectory length can be planned in the drag acceleration and the energy space according to the longitudinal trajectory planning method [16] , [17] . The energy is defined as
where µ the gravitational constant of earth. The derivation of E isĖ
CombineĖ withṠ flight to obtain (22) where E 0 and E f are the initial and terminal energies respectively. Since r − R 0 r and γ is small in reentry, it can be assumed that R 0 /r ≈ 1 and cos γ ≈ 1, the relation between R flight and D can be rewritten as
The drag acceleration boundary corresponding path constraints can be given by
The corresponding quasi-equilibrium glide condition is
Both (24) and (25) determine the so called reentry corridor. The maximum and minimum drag acceleration limits are
Then problem of establishing the reference drag acceleration profile can be transformed into determining a drag acceleration profile that satisfies the actual trajectory length in the reentry corridor. Considering the existence of assumptions in (23), the actual drag acceleration profile should be finetuned. The bank angle commands can then be solved. Since the planning method of the drag acceleration profile is already mature, it will not be discussed further in this study. Considering that the actual trajectory length is directly determined by the maneuver coefficient, the planned drag acceleration profile is longer and more realistic than the trajectory planning method based on the great circle assumption. The proposed trajectory planning also avoids the frequent update of the drag acceleration profile caused by the excessive deviation of the terminal position, which will reduce the computational burden of the guidance system.
C. TRAJECTORY CURVATURE PROBLEM
After determining the length of the trajectory, it is also necessary to determine the sign of the bank angle command, which corresponds to the curvature problem of the trajectory planning. In the EAGLE method, it is assumed that only one bank angle reversals is performed and the reversal position is searched by the Newton iteration method. Since the EAGLE method calculates the trajectory curvature problem in the trajectory length sub-problem, each integral only considers the terminal cross range to be zero before the final trajectory length is determined. However, the trajectory curvature problem in this study is solved after the final trajectory length is determined, the search basis of the reversal point should be changed to make the remaining distance at the end meet the error requirement (27) where n represents the number of iterations. This method is simple in form and fast in convergence. In practice, since the adjustment ability of the terminal heading error is weak with single bank angle reversal, it is necessary to perform another reversal near the end according to the actual flight condition.
In addition, the trajectory curvature problem can also be solved by the heading error and the lateral range deviation corridor [18] . This kind of method has greater flexibility than which with the determined number of bank angle reversals. After the trajectory length is determined, the terminal constraints such as heading error and remaining distance can be met by dynamically adjusting the boundary of the corridor. The classic heading error corridor is shown in Fig. 4 . Where ψ 0 and ψ f are given in advance, and ψ B is adjustable boundary. The purpose of setting ψ 0 is to prevent the heading error being too large in the early of entry [19] . It can be seen that the heading error only affects the shrinking speed of the line of sight as shown in (12), but cannot affect the length of the entire trajectory. Therefore, ψ B can be used to adjust the terminal distance to the target, that is, the so called terminal range-to-go S togo,f . In the final phase of reentry, adjusting the heading error boundary ψ f becomes the main task to satisfy the terminal heading error constraint, which is generally set within 5 degrees.
Within the allowable range of heading error, the trajectory curvature problem is translated into searching for the appropriate ψ B to make the terminal remaining distance meet constraint of range to go. Still use the Newton iteration method which is given by
where i is the number of iterations, ψ up and ψ down are the boundaries of the heading error corridor. The sign of the bank angle command can be determined by
Compared with the EAGLE method, this method can directly adjust the terminal heading error while adjusting the terminal range to go, and the obtained bank angle reversal positions are more reasonable. Therefore, this method is used to determine the sign of the bank angle in this study.
After solving the trajectory curvature problem, the planning of the reference reentry trajectory is completed. Compared with traditional methods based on great circle assumption, the method proposed in this study eliminates the iteration for the trajectory length from a macroscopic point of view, and can obtain a reasonable reference trajectory for guidance system more quickly. The quantification of the maneuver level makes the trajectory planning more targeted. The flow chart of the algorithm is shown in Fig. 5 . 
VI. SIMULATION AND DISCUSSION
The common aero vehicle, CAV-H is used in simulations to verify the trajectory planning algorithm in this study. The detailed parameters of CAV-H can be found in [20] . Generally, the reentry process can be divided into the initial descent phase and the gliding phase. Since the classic constant bank angle control method for the initial descent phase has already been proposed and verified by Shen and Lu [18] , this study only performs the trajectory planning algorithm in the gliding phase. Assuming that the initial direction of velocity is aligned with the target, the data in Table 1 is used for mission initialization. The maximum heating rate, the aerodynamic overload and the dynamic pressure during the reentry process are 4MW/m 2 , 3g, and 70kpa respectively. The remaining distance for the terminal area energy management is 50km.
The predefined angle of attack profile is given by
where Ma is the Mach number. The corresponding initial longitudinal range in Table 1 is 6671.7km. Many optimization methods can be used to solve the maneuver coefficient problem, and the method proposed in [21] is used here to confirm the upper and lower bounds of the maneuver coefficient.
Then we have P m ∈ [1.0109, 1.1461], the ground tracks corresponding to the maximum and minimum values of P m are shown in Fig. 6 . It should be noted that the angle of attack has a great influence on the maneuver coefficient, when the angle of attack is used as the free parameter to participate in the optimization, we have P m ∈ [1.0109, 1.2824], and the corresponding upper and lower bounds are shown in Fig. 7 . The maximum flight range with a free angle of attack profile is increased by approximately 900km compared with the predefined angle of attack profile. However, the angle of VOLUME 7, 2019 attack as a free control parameter will cause some problems in the thermal protection, stability and rudder effect in the hypersonic reentry flight. Therefore, it is necessary to determine how to give the angle of attack profile according to the maneuverability and the controllable boundary of the angle of attack.
Since the planned trajectory length represents the flight capability of the reentry vehicle, the maneuver coefficient value should be kept away from the lower bounds as much as possible to prevent the additional dissipation of energy. At the same time, choosing a larger maneuver coefficient can ensure sufficient flight capability for mission scenarios such as the emergency return after failure or target reselection. On the premise of the given angle of attack profile, take a medium maneuver coefficient such as P m = 1.08 and the corresponding flight length can be calculated by R flight = P m * R l . It should be pointed out that since remaining terminal range to go for terminal area energy management is required, the more accurate trajectory length should be subtracted from this part. The drag acceleration profile that satisfies the actual trajectory length is shown in Fig. 8 . The actual drag acceleration profile is calculated by sgn((L/D) cos σ ) and |(L/D) cos σ |. In order to track the drag acceleration profile more accurately, the influence of various deviations should be considered in the actual flight, and the feedback should be added to the control process to improve the tracking quality in the guidance problem. The reference commands corresponding to the reference drag acceleration profile are shown in Fig. 9 .
The corresponding speed and altitude, flight path angle and heading angle, heading error and path constraints are shown in Figs. 10-13 . The terminal altitude and speed fall into the specified interval; the flight path angle is basically kept small, and the terminal heading error is small which meets the heading requirement; the maximum heating rate, the aerodynamic overload, and the dynamic pressure satisfy the path constraints. The three-dimensional reentry trajectory and ground projection corresponding to different maneuver coefficients are shown in Fig. 14 .
It can be seen that the reentry trajectory planned by the specified maneuver coefficient can well reach the required terminal. The terminal errors corresponding to different maneuver coefficients are shown in Table 2 .
The simulation results show that the reference trajectories designed by the maneuver coefficients can meet the terminal error requirements. The trajectory obtained by this method can be directly used as the standard trajectory of reentry, and combined with the trajectory tracking methods such as linear quadratic regulator method (LQR) [22] , the complete three-dimensional reentry guidance law based on maneuver coefficient can be performed.
VII. CONCLUSION
An improved maneuver coefficient is defined in this study, then the rapid generation method of reference trajectory for the reentry flight is planned based on maneuver coefficient. Since the trajectory length is directly specified without great circle assumption, the generation method proposed in this study does not need too many iterations and has less computation than existing methods such as EAGLE. Numerical simulation shows that the method can quickly complete the reference trajectory planning. The interval of the maneuver coefficient is only related to the mission profile, and flight trajectories with different maneuver levels can be quickly generated. Since the maneuver coefficient is directly defined as the proportional relationship between the actual flight length and the longitudinal range, the degree of lateral maneuvering during the reentry flight is visually described, and the maneuverability in the reentry process is quantified. The range of the maneuver coefficients correspond to the range of the optional maneuverability, and also reflects the diversity of the alternative trajectories. Subsequent research on cooperative reentry can be carried out according to these features. 
